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ABSTRACT 


Subromnnlon,  Mahadevan,  Ph.  D.  ,  Purdue  University,  January,  I96U. 

D.  C.  Polarl ration  In  a  Nonlinear  Dielectric  Medium  at  Optical  Frc- 
qucnclca.  Major  Profeaaor:  Adltyn  K.  Xaranl. 

Inveotlgatlon  of  nonlinear  propertleo  of  naterlala  at  optical  fre¬ 
quencies  haa  been  made  pooclblc  with  the  development  of  high  power 
lasers.  One  of  the  nonllncaritlcs  encountered  is  the  second  order 
polarisation  In  dielectric  aedla  that  locX  Inversion  symmetry.  The 
second  order  nonlinear  polarization  gives  rise  to  generation  of  second 
harmonic  and  d. c.  components.  Hie  scope  of  this  thesis  concerns  with 
the  latter  phenomenon. 

The  quartz  crystal  Is  chosen  as  the  dielectric  medium.  A  quanti¬ 
tative  relationship  between  the  d.  c.  polarization  and  the  Intensity  of 
the  propagating  laser  bean  Is  developed  by  following  a  phonocenologlcal 
approach.  A  convenient  method  of  detecting  the  d.  c.  polarization  is 
presented.  With  thio  technique  the  elements  of  second  order  polariza¬ 
tion  coefficient  tensor  can  be  determined  experimentally.  The  second 
order  polarization  term  is  responsible  for  transferring  energy  from 
the  fundamental  to  the  second  harmonic.  It  is  shown  that  It  cannot, 
however,  transfer  any  energy  to  the  d.  c.  component.  Thus,  optical 
power  rectification  io  not  possible. 

By  considering  a  suitable  detecting  system  vlth  a  convenient  con¬ 
figuration  of  the  quartz  cryctol,  it  is  shown  that  the  output  voltage 


of  the  detector  is  linearly  proportional  to  -he  Intensity  of  toe 
pulse.  Ifcuo  the  possibility  of  using  this  principle  to  build  a 
transmission  type  of  meter  for  measuring  power  in  high  pewor  laser 
pulses  is  presented. 

Sene  of  the  theoretical  results  have  been  proved  by  experiments. 
One  of  the  tvo  elements  in  the  second  order  nonlinear  polarisation 
coefficient  tensor  has  been  shown  experimentally  to  be  in  the  order  of 
10"®  e.  s.  u.  Also  the  linear  relationship  botveen  the  detector  out¬ 
put  and  the  laser  intensity  is  verified,  confirming  the  feasibility  of 
applying  this  principle  for  laser  power  measurement. 
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DfTRODUCTIOH 

The  advent  of  lancr  ha*  initiated  great  intereat  In  the  investiga¬ 
tion  of  the  nonlinear  properties  of  materials  at  optical  frequencies. 

The  laser  la  claimed  to  have  many  potential  application  aasc  of  vhlch 
use  the  nonlinear  properties  of  material*.  These  nonlinearltles  though 
■ay  be  Insignificant  at  the  ordinary  power  lerela  that  were  hitherto 
encountered,  are  brought  to  perceivable  significance  by  high  power  laser 
beats.  In  an  unfocused  beat  of  a  pulsed  ruby  laser  one  can  now  obtain 
power  in  the  order  of  megawatts  and  higher.  Thla  can  be  Increased  fur¬ 
ther  by  orders  of  magnitude  with  the  help  of  external  Q-svltchlng  ar¬ 
rangements. 

One  of  the  nonlinear  properties  of  a  material  that  csne  Into  early 
observation  is  Its  dielectric  property.  The  nonlinear  susceptibilities 
have  already  been  used  for  nixing  and  harmonic  generation  (1,  2,  }].  The 
observation  by  Franken,  et.  al  (1)  of  the  second  harmonic  by  passing 
ruby  laser  bean  through  crystals  that  lack  Inversion  symaetry  motivated 
Interest  In  the  Investigation  of  the  d.  c.  polarisation  that  should 
acccnpany  the  second  harmonic  generation.  After  the  preliminary  analysis 
and  experiment  vlth  quarts  crystal  gave  positive  Indication  of  the  exist* 
ence  of  d»c.  polarisation  the  project  was  continued  with  the  following 
objectives. 

l)  To  establish  firmly  the  existence  of  the  d.c.  polarisation. 

Bass,  et.  al  (4)  have  since  reported  observing  the  d.  c. 
polarization. 
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ii)  To  estimate  the  second  order  nonlinear  polarization  coef¬ 
ficient  tensor  for  quartz  crystal. 

Ill)  To  Investigate  the  feasibility  of  applying  this  phenomenon 
for  laser  power  measurement. 

The  concept  of  d.  c.  polarization  Is  developed  In  the  early  part 
of  Chapter  L  The  rest  of  the  chapter  is  devoted  to  a  brief  review  of 
the  earlier  work  done  in  the  field. 

Since  the  conventional  approach  of  propagation  of  electromagnetic 
wave  In  a  mediua  docs  no  longer  apply  for  the  degenerate  case  of  <L  c, 
a  simple  method  of  analyzing  the  <L  c.  part  Is  presented  for  the  specific 
case  of  quartz  crystal  medium  in  Section  2. 1.  The  angular  dependence  of 
the  d.c.  polarization  on  the  polarization  direction  of  the  radiation 
field  la  presented  In  Section  2.2.  This  is  on  Important  result  in  the 
experimental  confirmation  of  the  phenomenon  of  d. c.  polarization.  Many 
crystals  that  develop  d.  c.  polarization  have  non-zero  pryroclectrlc 
coefficient.  In  the  experimental  observation  one  has  to  distinguish 
carefully  between  these  two  caaponcnts.  Whereas  the  pyroelectric 
voltage  is  developed  In  a  unique  direction,  the  d.c.  polarization,  as 
shown  in  Section  2.2,  has  n  coc  20  variation  when  the  crystal  is  rotated 
about  ito  axio.  Section  2.  >  proves  that  no  energy  conversion  lo  possible 
using  thio  principle,  even  though  the  d.  c.  polarization  resembles  rec¬ 
tification  in  the  electrical  circuito. 

Chapter  >  oerveo  the  purpose  of  explaining  the  interaction  between 
the  d.c.  field  set  up  by  the  propagating  loser  beam  and  the  detecting 
circuitry.  A  simplified  model  of  a  parallel  plato  capacitor  is  chosen 
and  the  equivalent  circuit  of  the  model  is  derived.  The  fact  that  the 


system  cannot  deliver  any  d.  c,  power  io  confirmed  fraa  the  circuitry 
point  of  view.  However,  the  possibility  of  low  frequency  intensity 
modulation  detection  is  explained. 

ruby  laser  output  beam  is  normally  circular  in  cross-section. 
For  high  power  operation  it  is  pulsed,  and  one  often  needs  to  know  the 
exact  intensity  of  the  laser  pulse  which  is  being  used  for  sane  exter¬ 
nal  application.  Thus  o  tranaaiosion-type  of  power  meter  would  prove 
more  beneficial  than  cither  the  calorimetric  techniques  which  measure 
only  energy  or  the  photodetecting  devices  which  need  periodic  calibra¬ 
tion.  The  application  of  the  nonlinear  <Lc.  polarization  to  power  and 
energy  measurement  is  described  in  detail  in  Chapter  4.  The  theory  is 
presented  and  a  practical  model  is  suggested.  It  is  shown  that  the 
output  df  such  a  device  will  indicate  directly  tho  power  content  in 
the  laser  beam. 

The  construction  of  the  quartz  detector  mount  and  the  experimental 
arrangements  and  results  arc  given  in  Chnpter  5*  Ciwary  and  conclu¬ 
sions  arc  presented  in  Chepter  6. 
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Chapter  1 

REVIEW  OP  EARLIER  VORX 

Although  considerable  progreaa  has  been  made  in  the  field  of,  non¬ 
linear  optics  both  in  theory  and  experiment  on  generation  of  harmonica, 
electro-optic  effect  In  solids  and  liquids,  etc. ,  not  auch  has  been  re¬ 
ported  on  the  d. c.  polarisation.  Pranken  and  Ward  (5)  have  presented  a 
good  sianary  on  nonlinear  optics  In  their  revlev  article.  In  this 
chapter  the  concept  of  d.  c.  polarisation  is  developed  by  assualng  a 
s  la  pie  mathematical  model.  It  is  followed  by  a  revlev  of  the  theoreti¬ 
cal  vorlr  that  has  been  done  on  the  phenomenon  of  d.c.  polarisation. 

1. 1.  D.  C,  Polarisation  In  a  Honllnear  Dielectric 
Hedlui 

The  phenomenon  of  d.c.  polarisation  can  be  easily  explained  by 
assualng  a  scalar  mathematical  model  for  the  polarisation.  Consider  an 
electrasagnetlc  wave  propagating  through  a  nonlinear  medium.  In  the 
scalar  form,  the  polarisation  p  may  be  vrltten  as  a  power  series  in 
terms  of  the  electric  field  E  that  gives  rise  to  it. 

P  -  a^E  ♦  E2  ♦  a'E^  ♦  •••  (l»l) 

where  a^,  a^,  ay  ...  are  called  the  first,  second,  third,  ...  order 
polarleatlon  coefficients.  In  writing  Eq.  (Ll),  the  gradients  of  the 
E  field  have  been  neglected  for  simplicity.  Writing  the  radiation 
field  intensity  E  -  Eq  cos  wt  in  Eq.  (1.1),  one  has 
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p  -  *j£o  cos  wt  ♦  ♦  c0*  2  wt) 

*  -ji  Eq^(3  cos  wt  +  cos  31**)  ♦  •••  (l«2) 

The  first  tens  In  the  right  hand  side  of  Eq.  (1-2)  represents  the 
linear  polarisation  and  has  the  acme  frequency  as  the  Inducing  field. 

The  second  tern  on  the  right  hand  aide  generates  a  d-c.  component  and  a 
second  harmonic  conponent.  It  la  observed  that  the  tern  vhlch  la  res¬ 
ponsible  for  the  second  hamonlc  generation  also  causes  the  d- c.  polarl- 
tatloo.  Contributions  to  d-c.  polarisation  fron  terns  higher  than  the 
second  order  la  neglected  In  the  present  discussion.  In  experimentally 
determining  the  value  of  the  second  order  nonlinear  coefficient,  the 
d-e.  conponent  will  be  the  only  part  that  will  be  of  Interest.  This  1* 
due  to  the  fact  that  whereas  the  d-c.  polarisation  depends  only  on  the 
nagnltude  of  the  second  order  nonlinear  coefficient  and  the  power  con¬ 
tent  of  the  bens,  the  second  hamonlc  generation  Is  also  greatly  In¬ 
fluenced  by  the  phase  matching  conditions. 

The  generalized  expression  of  Eq.  (11  Is  of  tensor  form  and 
also  Include o  the  contributions  to  the  polarisation  due  to  gradient  of 
the  electric  field  intensity.  In  the  absence  of  any  external  biasing 
electric  or  magnetic  fields  the  total  polarisation  In  a  nonlinear  di¬ 
electric  medium  due  to  a  propagating  electromagnetic  wsrve  may  be  ex¬ 
pressed  as  a  power  series  In  terms  of  the  components  of  the  electric 
field  and  its  gradient. 
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»1  -  *„  [#>  EJ  *  XS  ^  ♦  Xul  V*  *  V* 


,  v(5)  E  E.  K  ♦  •••  I 

+  *ijkl  aJ  it  l  J 


0-5) 


vhere  is  the  1th  spatial  canponent  of  the  polarization  p,  X'a  re¬ 
present  the  various  orders  of  polarization  coefficient  tensors,  v 1  • 
denote  the  gradient  operation,  E's  are  the  cpatlal  caapooents  of  the 
electric  field  Intensity  and  «Q  the  free  space  pemlttlvity.  Freeien 
and  Ward  (5)  have  discussed  the  physical  significance  of  the  various 
terns  In  Eq.  (1.5).  It  Is  enough  to  mention  here  that  the  only  tern 
In  the  right  hand  side  that  can  cause  d.  c.  polarization  In  a  medium  Is 
the  second  order  tens.  Tbtt  magnitude  of  d*  c.  polar  1  zat  1  <  ®  due  to  terns 
of  higher  order  than  thooe  In  Eq.  (L.  J )  can  be  neglected  as  cca pared 
with  that  of  the  second  order  torn  since  the  contribution  to  polarization 
decreases  as  the  ratio  of  the  electric  field  intensity  E  of  the  electro¬ 
magnetic  wave  to  the  etaalc  electrle  field  Intensity  E^  ale 

(E/E  ,  )  for  each  additional  E  factor  added  (5).  The  symmstry  con- 
'  '  atomic 

slderatlons  In  a  crystal  that  lead  to  the  presence  of  the  secood  order 
term  will  now  be  discussed. 


1.2.  Second  Order  Polarization 

It  has  been  shown  In  the  previous  section  that  the  only  significant 
term  in  Eq.  (1,5)  that  contrlbutea  to  the  development  of  due.  polarization 
Is  the  quadratic  term.  Hence  only  this  term  will  be  considered  hereafter. 
Rewriting  Eq.  (L5)  with  only  the  second-order  term  present,  one  has 

(Lk) 


>1  ■  V  E,  “k 


In  Eq.  (L4)  the  order  of  E^  la  not  phyolcally  significant.  Thlo 
facilitates  the  reduction  of  the  27  elements  of  the  third  rank  tenaor 
of  Eq.  (1.4)  to  18  elenenta  due  to  the  ayrr.etry  property 
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(1.5) 


One  can  now  uoe  the  pletoelectrlc  tenaor  reprccentatlon  |6)  and  rewrite 
Eq.  (1.4)  as 


pl  ‘  xu  sj 


(l  -  i,  2,  y,  j  -  l,  2,  ...,  6)  (1.6) 


where  X^  la  the  contracted  for*  of  X1JR  and  S^'s  arc  aa  defined  below 


31  “  Ex2  '  S2  •  Ey  ;  S>  "  K  '•  \  “  EyEt  '  S  “  V,  ; 


S,.EE 
6  x  y 


It  can  be  ahown  [5]  that  X  ■  0  for  cryatala  that  poaaeas  an  lnveralon 

syaaetry.  Thl •  leaves  only  21  claaaea  of  cryatala  to  be  considered. 

Since  X  posse osc a  the  sane  sysmsetry  properties  that  the  pletoelectrlc 

*  J 

modulus  does,  the  non-vanlshlng  terms  In  X^ ^  are  the  saae  aa  that  In 
the  pletoelectrlc  modulus. 

Armstrong,  et.  si.  have  shovn  (7)  theoretically  that  the  second 
order  polarlxatlon  tenaor  la  the  sane  as  the  electro-optic  tensor.  Ac¬ 
cording  to  their  approach,  the  local  field  E^qc  acting  on  an  atom  can  be 
vrltten  explicitly  In  termo  of  the  external  electric  field  E  and  the 
fields  due  to  the  linear  polarlxatlon  and  the  nonlinear  polarlxatloo 
?WL.  Thus 


e 


jjL  pHL 

K*K 


(1.7) 


vber«  c  1*  the  free  space  permittivity.  The  displacement  vector  D 
o 

occurring  in  Maxwell's  equations  describing  a  cacroscoplcally  Isotropic 
•edlus  Is  then  given  by 

5  -  c  2  ♦  &  ♦  (1.8) 

O 


If  the  linear  polnrliatlon  lo  described  as 


c  x  2, 

o  loc 


(1.9) 


where  X  Is  the  linear  polarization  coefficient,  then  It  follows  from 
Eqa.  (1.7)  and  (1.9), 

j*  .  -Joi  1  .  _*  (1.10) 

1  -  5  3(1  -  f) 


from  Maxwell's  equation  for  linear  mediist 


I*  =  co(<r  -  1)  2  (m) 

where  «r  lo  the  linear  relative  dielectric  conotant.  Equating  the  coef. 
ficlcnts  of  2  in  (l.  10)  and  (l.  11),  Kq.  (1.10)  nay  be  rewritten  as 

*  -  <0Wr  -  1)  5  *  (1.12) 


EVaa  Eqc.  (1.8)  and  (l.  12),  It  can  be  ohown  that 
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J  .  ,  I  ,  LlII  f-  (LU) 

where  c  ■  «  c  •  If  we  define 
o  r 

i.'t,!*0*  tl-lk) 

where  I  *1  la  the  effectlwe  nonlinear  aouree  of  polnrltntla),  then  fro* 
Eqe.  (LI})  and  (LUt) 

P&  .IlIIP1  (L15) 

Ibua  the  effective  nonlinear  polar  lie  tier  eource  tem  la  («r  ♦  2)/5  tinea 
the  true  nonlinear  polarization.  The  latter  la  calculated  frm  the 
following  relatlcnablp  [7] 


PL 


‘o* 


h 


t 

oc  loc 


(1.16) 


where  f  la  a  third  rank  ten* or. 

The  above  procedure  described  for  an  laotroplc  nedliai  alao  holds 
good  for  the  case  of  an  anlaotroplc  aedlun.  Arastrong,  et.  ai.  (7)  have 
proved  the  following  relationship  for  the  latter  case. 

-  cj5(u,3  -  ^  ♦  u2)  :  2^)  i2(w2)  (L17) 

where  f441'3  Is  the  effective  nonlinear  polarization  developed  at  the  sue 
frequency  of  ♦  u>2  due  to  the  Interaction  of  two  propagating  waves 

with  electric  field  lntenaitieo  2^  at  frequency  and  2?  at  frequency  Hg. 


3  la  again  a  third  rank  tenaor.  It  ia  further  ahown  [7]  that  the 
tenaor  X^  in  Eq.  (1. 17)  follow*  the  ayvetry  rolationahlp 

XUk<“j  •  <\  *  "2>  ■  \lj ("2  '  ">  *  V  *  V-i  ’  '  Is*  (LlB) 

Thera  are  the  following  two  intereating  caaea  of  Eqa.  (l- 17)  and  (Llfl) 
correapcndlng  to 

1)  Uj  ■  Ug  ■  u 

u^*0 

2)  ■  Uj  •  u 

m  o 


PT(°)  -  XjU{0)  Ei{w)  Ek{u) 

(1.19) 

■  V“>  E1<“>  v#> 

(1-20) 

Eq.  (1.19)  deacrlbea  the  d.  c.  polar liat ion  effect  and  Cq.  (L20  )  dee- 
cribea  the  linear  electro-optic  effect.  The  linear  electro-optic 
effect  ia  the  change  in  the  dielectric  tenaor  of  the  acdlva  due  to  an 
applied  d.c.  electric  field.  Ftam  aymetry  con  aide  rat  ion  a  expreaaed 
by  Eq.  (LlB)  and  from  Eqa.  (L  19)  and  (1.20)  it  follow*  that  the  eecond 
order  polarization  tenaor  la  the  a  Mae  an  the  linear  electro-optic 


teneor. 


n 


Chapter  2 

a  C.  POLARIZATION  HI  QUARTZ  CRYSTAL 


2.  L  Propagation  of  Electromagnetic  Wave  Through 
Quarts  Medina 

The  propagation  of  an  electromagnetic  vara  through  a  nonlinear 
•edits  hao  already  been  considered  in  det.all  by  various  authors  (7/  8) 
froa  both  the  quantm  mechanical  velwpolnt  and  the  phenomenological 
approach.  While  considering  the  interaction  between  various  waves 
propagating  In  the  medium,  one  has  to  take  Into  consideration  such 
effects  as  the  dispersion  In  the  acdlin  and  the  phase  velocity  of  each 
wavs  component,  and  co  forth.  However  In  the  case  of  ic.  the  phase 
velocity  Is  Infinite  and  there  lc  no  propagation  of  the  wave  at  zero 
frequency.  The  approach  to  the  problem  becaaeo  different.  The  follow¬ 
ing  analysis  io  made  for  the  propagation  of  an  electromagnetic  wave 
through  a  nonlinear  quarts  medium  by  classical  methods.  It  Is  anevned 
that  the  nrdlm  Is  non-disci patlve  and  Infinite  in  extent. 

Quarts  cryotal  belongs  to  close  .52;  that  lc,  It  has  a  5  fold 

sycnctry  along  the  z-axlc  or  optic  axis  and  2  fold  syrrwtry  along  x- 

nxls.  Due  to  theec  syemetry  considerations,  the  oecond  order  nonlinear 

coefficient  tenoor  X  for  quarts  can  be  written  in  the  fora  similar  to 

*  J 

its  piezoelectric  tensor  (9]  which  In  shown  below 


let  -a  0  0 


0 


_1 

€ 

O 


0 


0 


0 


0 


-0 


-an 


(2.1) 


0 


0  0 


0  0 


12 


vhere  a  and  P  are  conatanta.  It  la  evident  that  there  are  only  two 
Independent  elmenta  In  the  entire  matrix.  Oubatltutlng  Eq.  (2.  l)  In 
Eq.  (1.6),  one  haa 


Expanalar.  of  Eq.  (2.2)  give® 

px  -  a(Ex2  -  Ey2)  »PEyEt 

p  -  -PE  E  -  2a  Ew  E„  (2.3) 

*y  x  z  x  y 

p  ■  0 

If  ve  consider  a  wave  to  be  propagating  along  the  optic  axle  of 
the  cryatal,  then  E^  -  0  and  Eqa.  (2.3)  reduce  to 

p  -  q(E  2  -  E  2) 
x  x  y 

Py--2aExEy  (2.U) 

ps  -° 


It  ahould  be  noted  that  no  mention  haa  ao  far  been  aade  about  the 


13 


characteristics  of  the  propagating  wave.  Thua  Eqa.  (2.4)  are  valid  for 
any  type  of  polarization  of  the  propagating  wave,  elliptical,  circular 
or  linear.  To  take  this  Into  account  one  can  express  the  coaponents  of 
the  electric  field  explicitly  hy  specifying  their  amplitudes  and  phase 
angles.  For  a  v«ve  is  arbitrarily  polarized  the  transverse 

components  of  the  electric  field  Intensity  can  be  written  as 


E  •  a  coo(ut  ♦  6  ) 

X  *  (2.5) 

X  •  a  cos(«Jt  ♦  6  ) 

y  y  y 

where  a^  and  ay  are  the  amplitudes  and  6x  and  6y  are  the  phase  angles 
the  x-  and  y-axes  respectively.  From  Eqa.  (2.4)  and  (2.5)  the 
components  of  d.  c.  polarization  can  be  written  as  follows 


py  "  '  a  *x  ay  '  V 


(2.6) 


Hence  the  magnitude  of  d.  c.  polarization  Is  given  by 


I  Pi 


2  2 

P  *■  F 
*x  y 


a2 

V 


0 


♦  a 


)  ♦  2ax2  ay2  cos  2(6x  -  by)J  (2.7) 


For  an  elllptlcally  polarized  wave  «x,  By  and  (6X  -  by)  are  arbitrary 
and  therefore  the  <Lc.  polarization  la  given  by  Eq.  (2.7). 

For  circularly  polarized  wanre 


(2.8) 


and 


S  ■  ay  '  a 


14 


6  .  6  .  ■_*  (■  -  ♦  1,  i  3,  i  5,  ... )  (2.9) 

^  y  *■ 

Substituting  Eqs.  (2.8)  and  (2.9)  In  Bq.  (2.7),  one  obtains 

1  p  |  .  0  (2.10) 

Ihua  there  exists  no  d.c.  polarization  If  the  propagating  wave  Is  cir¬ 
cularly  polarized. 

For  a  linearly  polarized  wave  ax  and  a^  are  arbitrary  snd 

6  -6  •  a  «  (a  •  0,  -  1,  1  2,  . . . )  (2.11) 

x  y 

Substituting  Eq.  (2.1l)  in  Eq.  (2.7)  snd  taking  the  square  root  of  both 
sides,  it  follows  that 


IpI  -!<•/♦*;> 


(2.12) 


The  direction  of  the  d.  c.  polarization  caused  by  the  linearly 

I  I 

polarized  wave  can  be  dctemlned  by  connidering  Fig.  (?.  l),  where  x  x 
and  y'y '  are  arbitrary  choice  of  coordinate  axes  and  xx  and  yv  the  crystal 
axes.  Without  loss  of  generality  it  can  be  assuaed  that  the  direction  of 

•  i 

polarization  of  the  laser  bean  is  along  x  x  direction  naXlng  an  angle 
0  with  the  x-axli  of  the  crystal.  Froa  Eqa.  (2.6)  and  (2.11)  it  follows 


that  the  <Lc.  polarization  along  the  crystal  axes  are 

2 


a  E 


P  u  — — 

*  2 

a  E. 


cos  29 


(2.13) 


2 


sin  20 
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where  E  coa  wt  is  the  electric  field  Intensity  of  the  Incident  ra- 
o 

diation.  Frcm  Eqs.  (2. 13)  and  Fig.  (2.1),  It  can  be  aeen  that  if  the 
Incident  polar  1  tat  1  on  sake  a  an  angle  0  with  the  x-axls,  the  d.c.  pola¬ 
rization  rector  makes  an  angle  -  2Q  vlth  it.  Also  fraa  Eqs.  (2.13), 
the  magnitude  of  the  d.  c.  polarization  In  terms  of  the  electric  field 
intensity  of  the  radiation  is  given  by 

a  E  2 

I  P  I - 5s-  (2-lk) 

Eqs.  (2.12)  through  (?.  I1*)  give  the  relationship  between  d.c. 
polarization  and  only  one  of  the  elements  of  the  second-order  nonlinear 
polarization  coefficient  tcncor.  To  obtain  a  alallar  relationship 
between  the  d.  c.  polarization  anil  the  other  clement  P,  consider  the 
configuration  ohown  In  Fig.  (2.2)  where  x,  y,  z  are  the  cryotal  axes. 
The  electric  field  intrnolty  vector  f.  •  E  cos  ut  nakco  an  angle  7  vlth 
the  x-axls  and  nn  angle  $  with  the  y-axls.  Then  the  components  of  E 
along  the  three  axes  are 

K  ■  K  cos  7 
x  o 

K  -  Kq  oln  7  cos  0  (f*.  1*>) 

Kw  »  E  sin  7  tin  0 

Here,  the  frequency  dependence  has  not  been  explicitly  written,  but 
is  Implied.  Frcm  Eqs.  (:'.,*,)  and  (;».  1*> )  one  obtains 

p  P  2 

Px  ■  C»  Eo2  fcoo2  7  -  sin2  7  coo2  gin2  7  Bin  ^ 


(2.16) 


17 


If  the  E-vcctor  Is  made  to  lie  In  y-z  plane,  7  -  90°  ond  Eq.  (2.3^) 
reduces  to 


■in  2fll  -  ct  E 


(2. 17) 


Eq.  (2.17)  thus  yields  an  expression  for  the  d.c.  polarization  wldcls 
1b  dependent  on  both  the  parmetcra,  a  and  p.  EqB.  (2.15)  and  (2.17) 
suggest  a  method  of  the  measurement  of  the  coefflclcntB  a  and  P  by 
measuring  the  d.c.  polarization. 

2. 2.  Aiu?'\mr  Dependence  of  D.  C,  Polar lzatlon_frr 
t-axla  Propagation 

It  lc  evident  froa  Eqa.  (2.15)  «d  (2.16)  that  the  direction  of 
d.c.  polarization  dependa  on  the  orientation  of  the  E-vector  with 
respect  to  the  crystal  axea.  The  angular  dependence  of  d.c.  jolariza- 
tlon  for  the  caae  of  the  propagation  along  z-nxla  can  be  deterelncd 
fren  Eq.  (2.15)  and  Fig.  (2.1).  One  observes  from  Eq.  (2.15)  that  vlth 
the  Incident  polarization  fixed  In  apace,  as  the  crystal  la  rotated 
about  Its  z-axla  through  an  angle  0,  the  lc.  polarization  vector  la 
rotated  through  an  ancle  20  In  the  opposite  direction.  Thun  If  the 
crystal  la  rotated  at  the  rate  of  0,  the  d.  c.  polarization  will  rotate 
at  the  rate  of  20.  This  la  represented  In  Fig.  (2.5). 

As  mentioned  In  the  Introduction,  this  angular  dependence  will  be 
one  of  the  Important  teats  In  the  experimental  verification.  It  vlll 
eerve  to  distinguish  between  the  pyroelectric  voltage  which  la  developed 
In  a  unique  direction  and  the  d.  c.  polarization  voltage. 


2.  5.  Encrpy  Considerations 

This  section  deals  with  the  energy  and  power  relationships  for  an 
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•lectrociagnctlc  wave  propagating  through  a  nonlinear  medium  The  pro¬ 
cedure  followed  begine  with  Maxvcll'o  equations  for  vacuim  aid  then 
incorporate*  the  interaction  of  the  wave  with  the  ncdii*  by  including 
the  diotributian  of  charge*  and  current*.  Maxwell* •  electrotiynanlc 
equation  for  a  nediua  at  roat  la  given  by  [10] 

«  *  S  '  -o(J\ru.  *  K  B  *  'o  (2-1,) 


In  Eq.  (2.19)*  aagnctlc  induction  vector  B  can  be  replaced  by  the  *ag- 
nctle  intenaity  vector  3,  3  -  fl,  and  M  nay  be  aet  equal  to  aero,  aince 
only  non -Magnetic  anlia  are  of  lntcreat  in  tha  preaent  work.  It  la 
further  aeauacd  that  the  dielectric  nedlvn  ia  loaaleaa  which  reduce  a 
Eqa.  (2.10)  and  (2.19)  to 

V  X  2  -  -  UQ  (2.20) 


v  x  it 


(2.21) 


It  la  worth  nentioning  here  that  nonlinearity  ia  implicit  in  Eq.  (2.21) 
aince  ?  lo  cceiprleed  of  linear  ao  well  aa  nonlinear  polarization  ter* a 
aa  expreaaed  by  Eq.  (l.  3).  Taking  the  a c alar  product  of  Eq.  (2.20)  with 
3  and  Eq.  (2.21)  with  3  and  subtracting  tho  latter  fro*  the  fonner,  one 
obtains 

*  *  •  +  %  |[  +  S*  ’  5t  +  1  *  H  "  0  (2-22) 

where  3  ■  3  x  3  Is  the  Poyntlng  vector.  Eq.  (2.22)  is  the  well  known 
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energy  balance  equation  of  the  system.  To  put  It  In  a  nore  familiar 
form,  ve  define  the  energy  density  per  unit  voluae  In  the  rnedlm  a*  U. 

Then 

<MJ  d?  (2.2i) 

si  • 1  •  St  1 


Eq.  (2.22)  can  now  be  written  ao 


*  •  ♦  ■  •  ST  ♦  f0  1  •  St  *  St  " 


(2.24) 


Eq.  (2.24)  shows  that  the  power  flow  out  of  the  medlua  is  equal  to  the 
rate  at  which  the  stored  energy  in  the  electromagnetic  field  is  de¬ 
creasing  l(-  3  •  d3/dt)  -  («Q  2  •  d2/dt)J  plus  the  rate  at  which  the 

material  Is  doing  work  on  the  electraaagnetlc  field  l-  du/^t). 

Restricting  our  attention  to  the  d.  c.  part  produced  by  the  second- 
order  nonlinear  term,  It  is  obvious  from  Eq.  (?. 23)  that  there  Is  no 
net  transfer  of  energy  from  the  wave  under  steady  state  conditions. 

This  does  not  aean,  however,  that  there  Is  no  energy  transfer  when  the 
field  Is  turned  on.  In  fact,  the  wove  does  work  on  the  system  to  es¬ 
tablish  the  d.c.  field.  It  will  be  shown  In  Section  3.2  that  part  of 
this  work  will  be  extracted  from  the  system  if  there  is  an  external 
mechanism  present  In  the  region  of  the  field. 
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Chapter  3 

DETECTING  TECHNIQUE  AND  CIRCUIT  CONSIDERATIONS 

This  chapter  la  devoted  to  deecrlption  of  the  detection  technique 
and  the  circuit  considerations  that  play  a  part  In  It.  In  order  to 
facilitate  an  undcretandlng  of  the  bnalc  Interaction  phencoene  between 
the  field  act  up  by  the  electromagnetic  wove  and  the  external  detecting 
circuitry,  a  aljeplc  model  lo  choacn  and  an  analycla  of  It  la  made.  An 
equivalent  circuit  in  derived  for  uce  in  the  Inter  chnptcrn.  It  la 
ehovn  that  no  d.  c.  power  can  be  extracted  from  the  eye ten  (l.e. ,  there 
exloto  no  optical  power  rectification).  However,  the  system  baa  the 
capability  of  detecting  low  frequency  modulation. 

J.  1.  Interaction  Between  Electromagnetic  Wave  and 
lVtcctlng  Circuitry 

The  nonlinear  polarization  con  be  detected  with  the  uae  of  an  ex¬ 
ternal  circuit  arranrenent  of  the  type  described  below.  The  medium  In 
which  the  nonlinear  polarization  la  catabllahed  la  made  part  of  a 
capocltor  that  lc  formed  by  two  electrodes  that  are  placed  on  opposite 
aldce  of  the  dielectric.  The  capocltor  thua  formed  la  then  connected 
to  on  external  detector.  The  arrangement  ohown  in  Fig.  (3.  l)  represents 
the  alnple  caee  of  a  parallel  plate  capacitor  formed  with  the  nonlinear 
dielectric  medium. 

To  find  the  voltage  aerooo  the  capacitor,  the  potential  problem 


Fig.  3,  L  Detector  Model  Aaei*ed  In  Action  3.  1 


y  s  <J 

ys-d 


3.2.  Configuration  for  Potential  Described  by  Eqe 
(3.1)  and  (3.2) 
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considered  in  Fig.  (5-2)  is  first  solved.  Here  the  dielectric  aedlun 
is  considered  infinite  along  the  x  and  z-dlrcctlonn  and  of  breadth  2d  in 
the  y-dlreetlon.  The  general  oolution  for  potential  satisfying  the 
Laplace's  equation  can  be  written  as 

"  *0  *  *1  *  0,11 

V  -  B  ♦  B,  y  (5.2) 

2  o  1 

where  Vx  is  the  potential  inside  the  dielectric  and  the  potential 
outside  the  dielectric.  Kras  symmetry  considerations  Aq  *  0  and  B1  ■  0. 
Hence  Eq.  (5.1)  and  (5-2)  reduce  to 

Vx  -  Aj  y  (5-5) 

V  ■  D  (5.*0 

2  o 

The  two  unknown  constants  In  Eqs.  (5*5)  •nd  (5**0  caD  solved  by  speci¬ 
fying  the  two  boundary  conditions.  Equating  the  potential  at  y  ■  d,  one 
obtains 

Ajd  -  Bq  (5.5) 

The  second  boundary  condition  involves  the  discontinuity  in  the 
normal  displacement  vector.  Since  no  true  charge  has  physically  been  in¬ 
troduced  into  the  system,  one  has  from  Maxwell's  equation 

V  •  B  -  0  (5.6) 

However,  the  displacement  vector  includes  two  kinds  of  polarizations, 
the  Internal  polarization  caused  by  the  material  property  and  the  ex- 
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ternal  polarization  ?  that  la  Induced  Into  tba  ay  a  ten  by  an  external 
agency  (in  tba  preaent  caae  the  nonlinear  field).  Thu*  B  can  be 
written  aa 

B  -  c  t  ♦  f  ♦  f  (3.7) 

o  1  e 

where  c  ia  the  permittivity  of  free  apace.  Subatituting  Kq.  (3.7)  in 
o 

Eq.  (>.6),  one  haa 

y  •  (cj?  ♦  -  ?e  (3*8) 

Let 

-  y  •  ?e  -  Pp  (3. 9) 

where  pp  ia  the  polarization  charge  denalty.  From  Eq*.  (5.8)  and  (5*9), 
it  la  aeen  that 

y  •  («qE  ♦  P.)  -  Pp  (5.10) 

Thua  it  la  ebaerved  that  even  though  only  polarization  chargee  are  in¬ 
volved,  the  external  polarization  charge  behave*  aa  a  true  charge  for 
the  ayatea  under  conalderatlon.  Since  the  polarization  ia  aaavaed  to 
be  uniform  in  fig.  (5.2), V*?  •  0  everywhere  except  on  the  boundary. 

The  aecond  boundary  condition  at  y  -  d  la  therefore 

dy  dv 

*<o5T*<5T“Pe  <5-n> 

where  c  ia  the  permittivity  of  the  dielectric  at  low  frequenclea.  Prom 


25 


Eqs.  (3.3),  (5.0,  «nd  (3.11),  one  has 


P 


(3.12) 


Substituting  Eq.  (3*12)  i"  (3-3),  wd  lotting  y  -  d 


(3.13) 


This  result  csn  be  applied  to  the  esse  shown  in  Pig.  (3.1)  without  any 
fringe  effects.  The  voltage  across  the  capacitor  is  then  given  by 


How,  coosider  the  circuit  shown  in  Pig.  (3.3)  where  the  capacitor 
is  connected  to  an  external  detector  with  an  ln^it  capacitance  C  and  an 
input  resistance  R.  The  nodal  equation  at  the  node  A  is 

<J.») 

where  T  is  the  instantaneous  voltage  across  the  capacitor  plates  and  k 
o 

is  the  charge  on  them.  The  charge  Q  on  the  plate  is  due  to  the  external 
polarisation  source  plus  the  depolarising  effect  in  the  Material. 

As susing  unit  area  for  the  capacitor  plates,  the  total  charge  on  the 

capacitor  is 

Q  »  <  E  +  Pg  (3.16) 

Substituting  Eq.  (3. 1 6)  in  Eq.  (3.15),  one  has 


(3.17) 


27 


where  E  has  been  replaced  by  VQ/2d.  For  the  non-fringing  cane  that  ia 
under  consideration,  «/2d  ia  the  capacitance  of  the  capacitor  fonaed 
vlth  the  nonlinear  dielectric.  If  thia  capacitance  la  designated  by 
Cq,  then  Eq.  (3. 17)  can  be  rewritten  aa 


dVo  vo  i  dP£ 

dt2  +  (cQ  +°c)R  +  Tc^TcJ  dt~  "  0  ^ 

Taking  the  Laplace  tranafom  of  Eq.  (3.  l£)  and  letting  the  initial 


(3.18) 


conditions  be  rero,  one  has 


v0(.) 


**.«•) 

CQ  ♦  c 


(5. 19) 


s  ♦  (cQ  ♦  cjn 


But,  frcsi  Eq.  (J.  14)  one  baa 


Pe(t)  -  VQ(t)  CQ 


(3.20) 


where  Cq  is  an  equivalent  capacitance  which  is  explained  later  in  this 


aectlon  and  la  given  by 


CQ  -£-CQ 


(3.21) 


Hence 


Pe(»)  -  VQ(s)  CQ 


Bubatltutlng  the  value  of  P  (a)  in  Eq.  (3.19),  one  obtalna 

© 


V  (a) 


vQ(«)  c, 


CQ  +  C 


•  +  (Cq  +  C)R 


o 


(3.22) 


In  Eq.  ().2l),  a  distinction  has  been  mado  between  CQ  and  CQ'  al¬ 
though  these  two  quantities  are  equal  in  the  present  simple  case.  If, 
however,  there  is  an  air  gap  between  each  plate  and  the  dielectric,  then 
and  C^'  will  be  different.  is  the  actual  capacitance  of  the 
system  Whereas  is  an  equivalent  capacitance  formed  with  the  dielec¬ 
tric  alooe  present.  Thus  the  general  expression  for  the  output  voltage 
is  written  by  modifying  Eq.  (3.22). 


vo(») 


vQ(0  cQ 

■  %“♦  c 


6  *  (Cw  ♦  C)R 


Rewriting  Eq.  (3.23) 


vo(0 


Ve(,)  CQ 
CQ  ♦  C 


s  ♦ 


(CQ  ♦  C)R 


where 


(3.23) 


(3.2*0 


(3.25) 


Eq.  (3>2U)  describes  the  circuit  which  Is  shown  in  Fig.  (3.  *0,  and 
Fig.  (3*4)  thus  shows  the  equivalent  circuit  model  for  the  configura¬ 
tion  shown  in  Fig.  (3*3). 


3.2.  Output  Response  for  a  Continuous  Laser  Bean  Propagating 
Through  the  Medium 

Consider  the  case  of  a  continuous  laser  beam  that  is  turned  on  to 
time  t  ■  0.  After  time  t  -  0  the  beam  traverses  the  medium  continuously 
in  time  with  the  same  intensity.  The  polarization  In  the  medium  can 
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thus  be  represented  by  a  step  function  Pe  ■  PQ  u(t)  as  ehown  in 
Pig.  (3. 5a).  For  such  a  driving  function  the  output  response  VQ(t)  ii 

given  by 


v0(t) 


VeCQ  -t/(CQ4C)R 

CQ  +  c 


(3.26) 


The  response  given  by  Eq.  (3*26)  is  shown  in  Fig.  (3*  5b).  It  can  be 
seen  that  there  is  no  average  <Lc.  output.  Thus  if  a  continuous  laser 
beat  of  constant  intensity  traverses  the  nediua,  the  <Lc.  polar  i  tat  ion 
•et  up  under  these  conditions  does  not  yield  any  power  output  except 
during  the  transient  condition.  This  is  in  accordance  with  the  condu- 
sion  arrived  at  fron  the  field  theory  approach  in  Section  2.3* 


3.3.  low-Prequencv  Intensity  Modulation  Datector 

The  technique  of  detection  outlined  above  can  be  used  as  a  nodula- 
tlon  detector  in  the  case  of  laser  pulse  having  low  frequency  modulation. 
This  is  of  practical  interest  since  the  actual  ruby  laser  outfit  is 
comprised  of  spikes  that  occur  once  in  a  microsecond. 

For  the  purpose  of  analysis,  if  one  consider  the  external  polari¬ 
sation  to  vary  sinusoidally,  then 


P_(t)  -  P  cos  wt 
e  o 


(3.27) 


Then 


P  .(•) 

C 


P  s 

0 


2  2 
8  4  W 


(3-28) 


Fran  Eqs.  (3.20),  (5.24),  (3.25)  and  (3.28)  it  follows  that 

.2 


P  R 

v.(.) .  -  y 


(1  4  ~)(1  4  T  S) 


(3.29) 
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where 


’  •  (C„  i'cTn 


Taking  the  inverse  tranafora 


v0(t) 


P  R 
_0 _ 

2 

w 


-t/t  3  aln(wt  -  ji) 
t(1  ♦  tV)  (1  ♦  t2fc»2  J1  2 


(3.30) 


(3.31) 


where 


tan 


-1 


Wt 


(3.32) 


Under  steady  state  condition,  Eq.  (3*31)  reduces  to 

P  R  u  .  . 

v(t)  - - °  y  2  Yfi  ■!»(«*-♦)  (3-33) 

Eq.  (5. 33)  shows  that  there  is  an  out  jut  at  the  sane  frequency  as  the 
modulation,  thus  proving  that  syoten  could  be  used  as  an  intensity  modu¬ 
lation  detector,  Fig.  (3.6)  represents  this  esse. 

The  above  result  is  of  practical  importance  in  establishing  the  re¬ 
lationship  between  the  shape  of  the  laser  juice  and  the  shape  of  the 
d.  c.  polarization  pulse.  The  actual  ruby  loser  outfit  is  comprised 
of  a  scries  spikes  that  occur  at  the  rote  of  once  a  microsecond  as 
shown  in  Fie.  (3.7a).  The  d.  c.  polar  1  tat  ion  should  theoretically  ex¬ 
hibit  this  spiking  phenomena  as  represented  in  Fig.  (3. 7h).  However, 
as  will  be  explained  in  Chapter  5,  there  may  be  measurement  difficulty 
in  observing  this  phenomenon  if  the  laser  power  outjut  is  low. 
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Chapter  4 

APPLICATION  OF  THE  PHENOMENON  OP  D.  C.  POLARIZATION  TO 
LASER  POWER  MEASUROffiNT 

la  this  chapter  a  new  method  of  measuring  power  in  a  high  power 
laaar  pulaa  ia  proposed.  The  method  makes  use  of  the  d.  c.  polarlra- 
tion  that  ia  developed  when  a  high  intensity  laser  besai  traverses 
through  a  medii*  like  quartr.  It  is  shown  that  the  d.  c.  polar 1 rat loo 
la  directly  proportional  to  the  intensity  In  the  laser  bean. 

4.L  A  Boundary  Valus  Problea 

Consider  a  circular  cylindrical  quart!  cryatal  rod  with  the  optic 
axis  oriented  along  the  length  of  the  rod.  lat  the  laser  beast  propagat* 
along  the  axial  direction.  Fig.  4.1  shows  the  cross-section  of  the 
cylindrical  quartr  rod  of  radius  b  with  its  r-axls  perpendicular  to  the 
plane  of  the  paper.  The  Incident  laser  bessi  Is  ass»s»ed  to  be  linearly 
polarlted  and  cylindrical  in  cross-section.  The  radius  of  the  bem  is 
a. 

Let  the  laser  been  cause  a  uni fora  d.  c.  po lari ration  given  by 
Eq.  (2.14)  In  the  transverse  direction  making  an  angle  ff  vith  the  x-axls 
of  the  crystal.  Blnce  quartr  Is  a  uniaxial  crystal,  the  x-y  plane  is 
Isotropic.  Let  the  permittivity  In  the  transverse  direction  at  low  fre¬ 
quencies  be  «.  This  can  be  considered  as  a  two-dimensional  electrostatic 
problem  for  the  case  of  the  crystal  of  Infinite  length. 

Due  to  the  cylindrical  symmetry  of  the  problea,  the  solution  for 


the  potential  nay  be  expanded  in  terna  of  cylindrical  harmonica.  The 
potentlala  In  the  three  regions  thue  take  on  the  forma, 


oo 

Vj  A^  r°  coa  n(©  -  0) 
n>CL 


oo 

V  -V  (B  r°  ♦  C  r"n)  coa  n(0  -  0) 
2  L  »  n 
n-1 


ao 

Vj  -  Dr  r"°  coa  n(©  -  0) 
n*l 


(4.1) 


(4.2) 


(4.3) 


Hare  V  repreeente  the  potential  In  the  region  of  cryatal  filled  by  the 

User  be  ms,  Vg  the  potential  in  the  region  of  the  cryatal  not  filled  by 

the  User  beam  and  the  potential  outside  the  cryatal  medlia.  Ar,  Bn, 

C  and  D  are  constants  that  are  to  be  determined,  and  0  la  the  angle 
n  n 

measured  from  the  x-axla.  The  d.  c.  polarization  PQ  makes  an  angle  0 
with  the  positive  x-axls. 

For  the  uniform  dipole  polarization  PQ,  all  constants  A^,  Bq,  Cq 

and  D  are  zero  except  for  n  •  1.  Thus.  Eqa.  (4.1)  to  (4.3)  reduce  to 
n 


Aj^  r  cos(©  -  0) 

(4.4) 

(B^  r  ♦  r’1)  cos(©  -  0) 

(4.5) 

r’1  cos(©  -  0) 

(4.6) 

Eqa.  (4.4)  to  (4.6)  have  four  unknown  constants  which  can  be  de¬ 
termined  by  making  use  of  the  two  boundary  conditions  at  r  •  a  and  the 
two  boundary  conditions  at  r  ■  b,  where  a  and  b  are  the  radii  of  the 


laser  be*  and  the  cryatal  reapectlvely  and  a  <  b. 

Aa  Mentioned  In  Section  J.1,  care  auet  be  exerciaed  In  deacrlblng 
the  boundary  condition*  at  r  -  a.  A  dear  dlatinction  haa  to  be  aade 
between  the  external  polarizing  aource  and  the  Internal  depolarizing 
field  of  the  aedlvBL 


3 


Since  there  are  no  true  charge •  Introduced  Into  the  ayatea, 

9*3-0 


(4.7) 


(4.8) 


Subatltutlng  Sq.  (4.7)  In  tq.  (4.8), 

v.  («02  ♦  \  ♦v  "  0 


or 


V  .  «  f  -  -  V  •  ? 


(4.9) 


Inalde  the  circle  r  <  a,  Po  la  uni  fora  and  .hence  the  right  hand  aide  of 
Eq.  (4.9)  la  zero.  Howerer  at  the  boundary  r  -  a 

-y.  ?  -3  •  n  (4.10) 

0  o 

where  n  la  the  unit  rector  normal  to  the  aurface  at  r  -  a.  Thu*  the 
boundary  condition*  at  r  •  a  are 

dv.  av. 

«  sp-  -  «  sr  "  po  co#(0  "  ^ 


(4.12) 
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At  r  ■  b 


*v0 

4  5T 


(4.13) 

(4.14) 


la  the  above  equation*  cq  i*  the  free  apace  permittivity,  «r  the 
dielectric  constant  of  the  crystal  In  the  tranaveree  pUne  and  *  -  «0«r- 
Making  uae  of  Eq*.  (U.ll)  to  (4.14)  in  Eq*.  (4.4)  to  (4.6),  one 
obtain*  the  following  equation*  for  the  constant*. 


*.<«,  •  l>  p. 

2cb2(«r  +  1)  2< 

(4.15) 

a2P  (cr  -  1) 

(4.16) 

(4.17) 

2c 

A. 

*ol‘r  *  X) 

(4.  IB ) 

Substituting  Eq*.  (4.15)  to  (4.1fl)  in  Eq*.  (4.4)  to  (4.6),  the  follow¬ 
ing  potential  *olutlon»  for  the  boundary  value  problm  are  obtained. 


*  Po(<r  -  1}  ,  ro 
2cb2(«r  ♦  1)  24 


r  coe(0  •  0) 


(4.19) 
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v 


2 


«**o<«r  -  *>  *2Po 

■  —  r  +  ■  —  — 1 

2«bs(«r  *  i)  *• 


coo(0  -  0) 


(4.20) 


IT 


1 

r 


cos(0  -  0) 


(4.21) 


4.2.  An  Ideal  Power  Miter 

Fro*  Eq.  (4.21)  the  voltngen  on  the  boundary  of  the  cryctal  along 
the  tvo  axes  nre  given  by 


V 

x 


2Poft2 

nfrrjb 


coo 


2po»? 

<o(<r  *  l,b 


oln  $ 


(4.22) 


(4.23) 


Note  that  V  •  2V  and  V  •  2V  . 
x  y 

If  the  paver  in  the  lncer  bean  in  PL'  then  the  electric  field  in- 

tenolty  E  -  E  coo  wt  lo  given  by 
o 

E  2  -  P.  (4.24) 

0  Ko2  L 

where  tj  lo  the  lntrlnolc  inpcdarcc  of  the  crystal  ncdlun  in  the  trans¬ 
verse  direction.  In  deriving  Eq.  (4.24)  the  laser  been  io  a  soused  to 
be  propagating  in  an  infinite  mcdlun.  Substituting  Eq.  (4.24)  in  Eq. 
(2.14),  one  has 


P 

o 


P 


L 


(4.25) 
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Frcn  Eqs.  (4.22),  (4.23)  and  (4.25) 

V  •  K  PT  cos  0 
x  L 

(4.26) 

V  •  K  P.  sin  0 
y  L 

(4.27) 

where 

K-Sr^TTT 

(4.26) 

Eqa.  (4.26)  and  (4.27)  expreaa  the  d.  c.  polarization  In  tex«  of 
the  power  content  In  the  later  bean.  Addin*  theae  two  voltagea  In 
quadrature,  the  following  relatlcnahlp  between  the  net  d.  c.  polariza¬ 
tion  and  the  power  In  the  laaer  bcm  la  obtained. 

V-KPl  (*>.29) 

where 

V  -  (V  2  ♦  V  2)^2  (4.30) 

x  y 

the  following  lntereatlng  obaerratlona  can  be  nade  fron  Eq.  (4.29): 

1)  The  voltage  la  linearly  proportional  to  the  power  In  the 
laaer  bean. 

2)  The  voltage  la  dependent  only  on  the  power  In  the  laaer 
bean  and  not  on  the  alzc  of  the  laser  bean,  aa  long  aa 
the  entire  bean  la  contained  within  the  crystal.  Ttaua 
any  focualng  or  de focusing  effect  of  the  bens  doea  not 
affect  the  voltage  V. 

3)  It  la  also  easy  to  observe  the  fact  that  even  though  the 


above  equation  has  been  derived  tensing  that  the  power 
density  in  tlie  laser  been  is  uni  fora,  the  result  will 
hold  true  even  for  the  case  where  the  power  density  in 
the  be sb  is  only  s  function  of  the  radius. 

These  iaportant  features  stake  this  principle  attractive  for 
■easurlng  the  power  in  the  laser  bean. 

4.3.  Device  Considerations 

The  basic  principle  of  the  power  aeter  was  described  in  the  pre¬ 
vious  section.  A  practical  method  of  applying  this  principle  will  now 
be  presented.  Consider  again  the  configuration  of  the  r-cut  quart! 
shown  in  Fig.  (4.1).  The  laser  ben  propagates  along  the  t-axls  and 
la  concentric  with  the  cylinder.  Proa  Eqs.  (4.21)  and  (4.23)  one 
obtains  the  following  equation  describing  the  potential  outside  the 
cylinder  in  terns  or  the  power  In  the  laser  beam. 

v  • IT1  TV)  rL  7  (k-»> 

o  r 

The  equipotcntlal  lines  described  by  Eq.  (4.31)  with  0*0,  ore 
shown  in  Fig.  (4.2).  It  can  be  observed  that  the  equation  r  j  k  cos  9, 
where  k  is  an  arbitrary  constant,  describes  equipotcntlal  curfaces. 
JXibstitutlng  r  -  k  cos  0  In  Kq.  ( U . >1 ) ,  one  obtains 

v  -  KxPl  (4.32) 

where 

h a  rrrrHnr 

o'  r 

For  various  values  of  k,  Eq.  (4.32)  describes  equipotential  sur- 
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Pig.  U.2.  Equi potential  Line*  Outside  the  Quart*  Mcdlvaa 


1.2 


faces  outside  the  quarts  cryotal  which  arc  pairs  of  circles  with 
centers  at  (i  k  KjFj/2,  0)  and  of  radius  of  k  l^Pj/2. 

Tor  the  actual  construction  of  the  power  meter,  a  pair  of  elec¬ 
trodes  Is  placed  along  these  equl potential  lines  ♦  V  corresponding  to 
r  -  k^  cos  0.  The  plates  are  aligned  perpendicular  to  the  x-axls  of 
the  crystal.  The  two  plates  fora  a  capacitance  with  woltages  ♦  V  and 
-  T  on  the  two  plates.  For  the  purpose  of  analysis  It  Is  now  assumed 
that  the  laser  beeni  Is  linearly  polarized  along  the  x-axls  of  the 
crystal.  (For  a  laser  bean  that  Is  not  linearly  polarized,  power 
measurement  could  be  aade  by  separating  It  Into  spatially  orthogonal 
coapooents  and  making  Individual  measurement  of  each).  From  Eq.  (4.29) 
the  voltage  across  the  plates  Is  given  by 


v«  ■  Vi 


0>.5k) 


where 


*2 


V'o^v*  VI 


(•*.35) 


The  equivalent  circuit  for  the  system  was  derived  In  Section  J.l 
and  Is  shown  In  Fig.  (•».}).  In  the  equivalent  circuit  Cq  represents  the 
capacitance  formed  by  the  two  electrodes,  C  the  Input  capacitance  and  R 
the  Input  resistance  of  the  measuring  device.  The  maximum  output  volt¬ 
age  according  to  Eq.  (3.28)  Is  given  by 


max 


Vo  "gC0 

C  ♦  Crt  *  C  ♦  C, 


(•♦.36) 


I».  4.  Discussion 


It  1*  seen  froa  Eq.  (4. 36)  that  to  obtain  largo  output  voltage, 
the  Input  capacitance  haa  to  be  Bade  aa  Hall  a a  possible.  An  Ideal! ted 
rectangular  laaer  pulec  and  the  re <s ponce  of  the  circuit  for  cuch  a  pulae 
are  shown  in  Fig.  (4.4).  The  output  voltage  follows  the  later  pulae 
faithfully  if  the  tine  conatant  of  the  circuit  la  large  cat  pared  to 
the  duration  of  the  pulae. 

The  output  voltage  VQ  directly  neaaurea  the  laaer  power  at  any 
Instant.  The  total  energy  In  the  laaer  pulae  can  be  determined  by  In¬ 
tegrating  the  output  over  the  period  of  duration  of  the  pulae. 


Chapter  5 


KXPKRiMarrs  akd  resuuts 

Theoretical  results  on  many  aspect.  of  the  phenomenon  of  nonlinear 
d.  c.  polari ration  in  crystals  were  derived  In  the  preceding  chapters 
Experimental  verification  using  quartz  cryBtal  for  earn?  of  then  la 
pre Mnted  In  thl#  chapter.  It  was  not  poeolble  to  verify  all  the 
theoretical  reoulta  due  to  the  lacX  of  availability  of  a  laser  that 
delivered  high  enough  power  output. 

5.L  Quartz  Detector  Mount 

The  theory  on  detecting  technique  was  preaented  in  Qjapter  3- 
Chapter  4,  though  ha  a  been  devoted  toward  the  theory  on  the  application 
of  the  phenomenon  of  d.  c.  polarization  for  power  measurement,  auggeats 
a  method  for  practical  conotructicn  of  a  detector.  Any  detector  that  la 
cooatructed  for  verifying  the  theoretical  reaulta  mentioned  In  the 
earlier  chaptera  should  aatlafy  the  following  requiremente. 

1)  The  cryat&l  holder  that  aupporta  the  a  ample  should  exert 
no  atraln  on  It. 

2)  The  field  net  up  by  the  d.  c.  polarization  in  the  cryatal 
should  be  undiaturbod  by  the  detecting  system. 

3)  The  level  of  the  d. c.  signal  being  cn  all,  external  nolae 
pick-ups  and  the  noioe  figure  of  the  detecting  circuitry 
should  be  reduced  to  a  minimum 

4)  The  crystal  mount  should  have  facility  to  be  rotated  about 


its  axis. 
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5)  The  Impedance  of  the  crystal  holder  being  high,  the 
external  detecting  ayetea  should  also  be  designed  for 
high  Input  Impedance. 

A  special  mount  for  the  quartz  vas  Bade  that  satisfied  the  abort 
requirements.  The  mount  Is  an  assembly  of  the  crystal  holder,  rotating 
mechanism  and  the  built-in  preamplifier.  A  perspective  picture  of  this 
Is  shown  in  Fig.  (5.  l).  A  metallic  cylinder  encloses  a  plastic  crystal 
holder  with  electrodes  and  the  preaspllfler.  The  preamplifier,  the 
details  of  which  are  described  In  the  following  section,  Is  mounted  on 
the  roar  aide  of  the  cylinder.  The  metal  cylinder  Is  supported  at  the 
ends  by  two  flanges  mounted  on  a  common  base  such  that  it  can  be  rotated 
about  Its  axis.  The  boles  on  the  front  and  rear  end  of  tbe  cylinder 
permit  the  laser  besm  to  travel  through  tbe  crystal  and  out  without  any 
obstruction. 

A  cut-away  view  of  the  crystal  holder  and  electrode  assembly  Is  shown 
In  Fig.  (5.2).  This  part  of  the  assembly  Is  made  with  Insulator  material  to 
minimize  any  disturbance  of  the  potential  field  configuration  set  up  by 
the  d.c.  polarization.  Two  flanges  with  circular  holes  at  the  center 
keep  the  cylindrical  crystal  In  position  and  do  not  Interfere  with  the 
path  of  the  laser  besm.  It  was  shown  In  Section  4.4  that  the  equl po¬ 
tential  surfaces  outside  the  quartz  medium  are  described  by  the  equation 
r  •  k  cos  0,  where  k  Is  a  constant.  A  pair  of  electrodes  suitably 
shaped  Is  placed  along  a  pair  of  these  equlpotentlal  surfaces  r  •  k^  cos  0. 
It  la  seen  from  Fig.  (4.2)  that  highest  potential  surfaces  are  closest  to 
the  quartz  cylinder.  Thus  to  obtain  a  large  output  voltage  across  tha 
electrodes  tbe  plates  should  be  close  to  the  quartz  cylinder.  However 
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SUPPORTING  FLANGES 


Fig.  ')•  1-  Ferop»*ctivc  View  of  the  CryBtnl  Mount 


to  obtain  a  largo  outfit  voltage  Vq  in  Pig.  (»0)  CQ  chould  be  Urge 
which  oeanc  thot  tin*  value  of  the  capacitance  formed  by  the  electrodes 
should  be  large.  This  ncceositntca  os  large  on  area  as  posciblc  for 
the  electrodes.  Thus  tla*  two  factors  oppose  each  other  in  choosing  th<" 
constant  ^  and  a  ccnprtsiec  hoc  to  \>o  nnde  for  optimum  design. 

The  orientation  of  the  crystal  with  respect  to  the  elcctroles 
chould  be  r.uch  that  it  would  establish  the  d.  c.  polarization  in  a  di¬ 
rection  that  would  cause  an  cquipotcntlal  surface  olca>g  the  orientation 
of  the  electrodes.  For  a  t-cut  quarts  crystal,  i.e.,  propagation  along 
the  optic  axis,  If  the  linearly  polarized  clectranagn.tlc  wave  io  node 
to  coincide  along  the  x-axlc,  then  the  d.c.  polarization  io  alto  along 
x-axic.  For  such  a  case  the  plates  arc  aligned  perpendicular  to  the 
x-axlc  of  the  crystal.  A  cldc  view  ol  the  bean,  orientation  of  the 
crystal  and  the  plates  ic  shown  in  Fig.  (;.}). 

3.2.  Preamplifier  Circuit 

The  primary  requirements  of  the  preanpliflcr  arc  that  it  chould 
have  a  high  input  impedance  and  low  noise  figure.  It  was  pointed  out 
in  Section  >.5  that  to  obtain  a  large  outjxit  signal,  the  input  capaci¬ 
tance  of  the  isspliflicr  ohould  be  an  mall  as  possible.  Ifcio  ime- 
dlttely  suggests  the  use  of  a  cathode  follower.  To  reduce  the  external 
noise  pick-ups  a  balanced  cathode  follower  ia  used,  a  circuit  diagrsn 
of  which  is  shown  In  Fig.  (5-1*).  The  circuit  usea  a  suboiniature  tube 
CK  6112  which  io  a  twin  triodc.  The  choice  of  this  tube  wbb  node  fran 
considerations  of  size  and  the  input  capacitance.  The  filament  supply 
is  obtained  frcm  a  d.c.  source  to  keep  down  the  noiae  figure  of  the 
amplifier.  The  plate  oupply  voltage  io  125  volts  and  the  bias  voltage 


Pig.  5. 4.  Preamplifier  Circuit  Diagram 


in  -  50V.  The  cathode  resistors  are  56O  kllohas  each  and  the  grid 
leak  resistors  arc  10  meghohns  each,  lhe  large  reel 6 tan cc  at  the  input 
it  to  obtain  a  high  input  impedance  and  the  large  reoiatancc  in  the 
cathode  circuit  to  keep  the  plate  current  low. 

The  input  capacitance  of  each  cectlon  of  the  prea  ttfler  la 


'In 


gp 


♦  CgK(l  -  A) 


(5.1) 


where  C  Is  the  grld-to  plate  capacitance,  C  .  ie  the  grid  to  catho 

gp 

capacitance  and  A  the  gain  of  the  amplifier.  In  the  present  case  A  Is 
very  nearly  unity  and  hence  Eq.  (5*1)  cfcn  be  approximated  ao 


'in 


gP 


(5.1*) 


Looking  into  the  amplifier  from  the  electrode  terminals,  the  inpit 
capacitance  of  the  two  scctlono  add  in  series  and  thus  present  a  net 
input  capacitance  of  half  the  input  capacitance  of  each  section.  The 
Bine  is  true  for  the  wiring  capacitance.  Thus  the  balanced  input 
arrangement  has  the  additional  advantage  of  reducing  the  input  capaci¬ 
tance  as  seen  by  the  quartz. 

To  reduce  the  nolce  figure  of  the  tube,  itc  filament  la  heated  fr<M 
lie,  source,  besides,  the  tube  ic  operated  under  heavy  space  charge 
conditions.  For  the  valuca  chosen  in  Fig.  ( 5. L ),  the  current  under 
operating  conditions  is  leco  than  100  mlcroompcreo.  The  noise  outjut 
level  of  the  preamplifier  ai»  measured  is  approximately  25  mlcrovolto. 

5.  J.  Laser 


The  laser  used  is  of  pulsed  ruby  typ’.  The  laser  cavity  lo  of 
elliptical  cross-section  with  ruby  plnrcd  at  one  of  the  foci  and  the 


linear  flash  tube  at  the  other.  The  Injut  to  the  flash  tube  is  about 
720  Joules  delivered  by  a  capacitor  bank  of  J60  microfarads.  The 
laser  output  energy  fras  the  ruby  Is  approximately  J  Joules  and  the 
duration  of  the  pulse  Is  approximately  400  microseconds.  The  ruby  is 
90°  cut,  i.e. ,  the  optic  axis  Is  perpendicular  to  the  direction  of  pro¬ 
pagation  and  hence  the  laser  output  Is  linearly  polarised  111). 

5.4.  Experimental  Arrangement 

The  general  set-up  of  the  experiment  Is  shown  In  Fig.  (5«5)*  All 
the  components  are  mounted  on  a  laths  bed  optical  bench.  The  laser 
output  Is  passed  through  the  quarts  detector.  The  quartz  detector 
mount  has  facility  for  vertical,  transverse  and  rotational  alignments. 
The  berns  emerging  from  the  detector  strides  a  white  background.  The 
scattered  light  Is  picked  up  by  a  photomultiplier  and  Is  fed  to  one  of 
tbs  Inputs  of  tbo  dual  beam  oscilloscope  (Tektronic  Model  555 )•  The 
quartz  detector  amplifier  is  connected  to  the  power  supply  by  means  of 
a  shielded  cable.  The  output  of  the  quartz  detector  is  fed  to  the 
second  Input  of  the  oscilloscope.  Both  traces  of  the  oscilloscope  are 
synchronized  with  the  sane  trigger  voltage  that  Is  fed  to  the  laser 
unit.  The  oscilloscope  Is  set  for  single  sweep  operation. 

There  are  sene  important  precautions  that  should  be  observed  in 
performing  the  experiments.  As  will  be  seen  In  the  later  sectlona  of 
this  chapter  the  slpial  that  Is  to  be  measured  is  less  than  50  micro¬ 
volts.  At  this  low  level  extreme  cars  is  to  be  observed  in  reducing 
the  noise  pick-ups  as  much  as  possible.  Thus  all  leads  fraa  the  output 
of  the  quartz  crystal  through  the  preamplifier,  upto  the  input  of  the 
oscilloscope  should  be  balanced.  The  leads  are  to  be  veil  shielded  and 


and  grounded.  The  grounding  has  to  be  one  cannon  ground.  Any  loops 
In  the  leads  of  the  quartz  detector  In  to  be  avoided  to  prevent  any 
pick  up  of  the  radiation  field  set  up  by  the  high  voltage  trigger  and 
the  enormous  current  flow  that  occur  during  the  firing  of  the  flash 
tube.  Also  the  laser  power  supply,  the  leads  from  It  to  the  flash  tube, 
the  high  voltage  trigger  and  Its  leads,  and  the  luaer  unit  should  all 
be  well  shielded.  The  appropriate  precautions  mentioned  In  Section  5>.  2 
should  be  taken  Into  account  to  keep  down  the  preamplifier  noise  to 
the  minimum  extent  possible. 

The  second  Important  precaution  that  should  be  observed  in  conduct¬ 
ing  the  experiments  Is  the  voltage  that  might  be  developed  due  to  any 
phenomena  other  than  the  nonlinear  polarization.  Ckie  of  the  major 
sources  will  be  the  pyroeloctrlc  voltage.  A  detailed  discussion  on 
pyroelectricity  can  be  found  In  the  standard  text  books  on  crystals. 

It  la  enough  to  note  here  that  the  pyroelectric  voltage  Is  cauced  due 
to  heating  of  the  crystal  and  Is  developed  In  n  unique  direction  of  the 
crystal.  In  quartz  crystal  the  pyroelectric  coefficient  Is  zero.  How¬ 
ever  there  nny  still  be  a  email  effect  present  due  to  lmjxiritics  and  Im¬ 
perfections  In  the  crystal.  Die  crystal  should  be  free  of  strain  and 
well  polished.  It  should  be  mounted  In  such  a  manner  as  to  Introduce 
the  least  amount  of  strain.  The  sample  used  In  the  experiments  des¬ 
cribed  in  the  following  sections,  was  found  to  have  thla  abnormal 
voltage.  It  was  reduced  to  a  minimus  by  properly  orienting  the  crystal 
with  reopect  to  the  electrodes.  This,  of  course  would  prevent  the  con¬ 
figuration  described  In  Fig.  (t>. }).  This  presents  no  sorious  problem 
as  the  entire  crystal  mount  can  be  rotated  and  positioned  vlth  respect 
to  the  polarization  of  the  laser  beam  so  as  to  produce  the  maxima 
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voltage  on  the  electrode*. 

Another  precautionary  atep  la  to  make  sure  that  the  beam  la  com¬ 
pletely  vlthin  the  crystal  and  veil  centered.  Extra  precaution  ia  to 
be  observed  in  keeping  the  bean  fraa  bitting  the  electrode*. 

5. 5.  Observation  of  d.  c.  Polarization 

With  the  aet-up  shown  in  Fig.  (5»5)»  the  quartz  cut^t  vas  measured. 
The  output  ia  of  the  order  of  40  microvolt*.  Tbia  ia  for  the  angular 
position  of  the  mount  for  which  th**  output  la  positive  maxima.  Fig. 
(5.6a)  la  the  oscilloscope  picture  shaving  thla  output.  The  upper 
trace  is  the  jtootcmultiplier  output  representing  tho  laaer  output.  Tb# 
photomultiplier  tube  circuit  haa  a  long  time  con 0 tan t  and  hence  tb* 
spikes  in  the  ruby  output  arc  not  seen.  Only  the  envelope  of  tb*  la**r 
output  is  present.  The  lower  tree*  represent*  the  quartz  detector  out¬ 
put  at  the  position  of  maxim*  positive  cxitpit.  Fig.  (5-  6b )  represents 
the  situation  when  the  quartz  crystal  is  replaced  by  a  glass  rod.  lba 
angular  position  of  the  quartz  mount  la  maintained  the  sa.ee  as  in  tha 
earlier  cate.  The  output  of  the  quartz  vaa  due  to  its  crystalline 
character.  However  glass  is  amorphous  and  should  yield  no  outfit.  Thu* 
*  comparison  of  the  two  output  would  prove  thst  the  output  voltage  is 
caused  due  to  the  crystalline  nature  of  the  medlva.  In  Fig.  (5* 6b)  on* 
obeerves  a  very  orall  output  out  of  tha  glass  rod  which  is  found  to  b* 
independent  of  th*  angular  position.  Thus  this  small  output  might  b* 
due  to  the  residual  strain  in  the  glass  rod. 

One  should  expect  the  quartz  detector  output  to  b«  spiked  sine* 
the  laoer  output  is.  This  follows  from  Section  J. J.  Tb#  spikes  are 
approximately  r  paced  at  tin  *  intervals  of  a  microsecond  and  bene*  to 
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U) 


(b) 


Mg.  5.6.  ConparUon  of  Output  frc*s  Quart*  Crystal  with  that  fran 

Glass  Rod 

(a)  Photograph  of  tht  dual  bean  oscilloscope  in  which 
the  lower  trace  chova  the  quart*  detector  output 
and  the  upper  trace  the  intensity  of  the  laaer 
bean. 

Sweep  rate:  500  nlcroceconda/cn. 

Sensitivity  of  upper  trace:  50  alcrovolts/m. 

(b)  Aa  in  (a)  with  the  quart*  replaced  by  the  glaaa 
rod. 
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d«t«ct  then,  tbe  syotcm  should  have  a  bandwidth  In  the  order  of  a* 
leMt  megacycles.  Since  the  output  of  the  quarts  detector  1ft  leftft  than 
50  microvolts,  It  1ft  difficult  to  obtain  a  detector  to  measure  auch  low 
voltage  and  at  the  aame  tine  to  have  a  bandwidth  of  a  few  ncgacyclea. 

The  detecting  oy«te»  u«ed  1ft  the  Tektronix  Model  555  oftcllloftcope  with 
type  E  Input  modifier.  It  haft  maxinua  eenaltlvlty  of  50  microvolt*  per 
centimeter  with  a  bandwidth  of  20  kilocycle*.  Thlft  1ft  the  re  a*  on  for 
the  Inability  to  obftenre  the  spiking  phcnaaenon. 

5.6.  AwpO*r  Dependence  of  d.  c.  Polarisation 

It  waft  proved  In  Section  2. 2  that  routing  tho  quart  1  detector 
about  its  axlt  while  keeping  the  electric  field  orientation  of  the 
laser  bema  fixed  In  space,  the  d.  c.  pol&riiatlon  should  route  at  double 
the  angular  rat*.  Thus,  If  the  quarts  detector  Is  routed  through  90° 

In  either  clockwise  or  anticlockwise  direction  the  d.c.  polarisation 
vector  should  route  through  an  angle  of  l80°.  Thlft  Beans  that  one 
should  expect  a  reversal  In  the  d.c.  output  voltage  of  the  quarts  de¬ 
tector  as  It  is  rotated  through  90°.  Thle  Is  proved  by  the  picture* 

•hovn  in  Fig.  (5.7).  Fig.  (5.7a)  represents  an  angular  position  for  which 
the  output  la  a  positive  maxima.  Fig.  (5«7b)  represents  tbe  angular 
position  90°  away  from  that  corresponding  to  Fig.  (5.7a).  It  la  seen 
that  for  the  asm  laner  power,  depicted  by  the  upper  traces,  the  magni¬ 
tude  of  the  quarts  outpit  remains  the  tame  while  the  direction  alone 
reverses. 

For  the  some  positions,  the  glass  rod  was  tried  and  there  was  no 
reversal  In  output.  The  otune  output  that  Is  shown  in  Fig.  (5.6b)  was 
repeated  thuo  proving  that  the  email  output  from  the  glass  la  due  to  a 


(a) 


(b) 


Fig. 


5.7.  Angular  Dr  pendency  of  d.  c.  Folarizetion 

/  \  «.  of  the  duel  be«i  oecllloacope  in  which 

<*>  -ho^th.  ,-rt.  *Uetor  output 

STL.r  tr»c  th.  intercity  of  the  U~r 
SmL  Quart!  detector  U  adjusted  for  a*xi«m 
negative  output. 

(b)  As  in  (a);  quartz  detector  routed  by  9C 
fro*  that  of  poaition  in  (a)* 
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phenomenon  other  than  due  to  lock  of  Inversion  oynwetry  in  «  crystal¬ 
line  structure. 

5.7.  ^termination  of  the  »gcond  Order  Nonlinear 
Coefficient  a 

It  la  pooBlble  to  eotoblloh  the  value  of  the  second  order  nonlinear 
coefficient  a  In  the  matrix  of  Eq.  (2.2)  by  measuring  the  <Lc.  output 
voltage  of  the  quartz  detector.  The  procedure  is  to  firot  determine 
the  peak  power  in  the  laocr  pulcc  by  measuring  the  total  energy  using 
calorimetric  technique  and  knowing  the  pulse  chape  given  by  the  photo¬ 
multiplier  output.  Substituting  this  value  of  the  peak  power  and  the 
value  of  the  capaeltances  in  Eq.  (4.36),  one  can  calculate  the  coeffi¬ 
cient  K  .  Knowing  K„,  a  can  then  be  obtained  by  uaing  Eq.  (*«.  35)* 

2  £ 

The  laeer  energy  was  meacured  with  the  rat's  nest  calorimeter  that 
was  specially  constructed  for  the  purpooc.  The  energy  output  of  the 
laser  was  found  to  be  3  Joules  for  an  input  energy  of  720  Joules.  Since 
the  photomultiplier  output  is  directly  prQportlonal  to  the  Instantaneous 
light  lntenolty,  the  amplitude  of  the  photcnultipllcr  outjwt  directly 
indicates  the  relative  instantaneous  power  in  the  laser  beam.  Thus  the 
energy  of  3  Joules  corresponds  to  the  arcs  under  the  laser  jwlse  repre¬ 
sented  by  the  upper  trnces  of  the  pictures  in  Figa.  (5*6)  and  ( 5- 7 )• 

From  these  data,  the  peak  power  of  the  laoer  pulse  can  be  shown  to  be 
equal  to  13  kilowatts. 

To  calculate  C  the  capacitance  of  the  quartz  crystal  with  the 
special  electrodes,  one  can  make  an  approximate  estimate  of  the  same  by 
the  method  suggested  in  the  appendix.  The  actual  croon  section  of  the 
cryotal  and  the  electrodes  and  their  lengths  are  shown  in  Fig.  (5* B). 


Thle  la  approximated  with  the  configuration  shown  In  rig.  (A.1)  of  the 
appendix.  The  capacitance  io  then  given  by  Eq.  (A.}))  vhich  la  re¬ 
written  below. 


♦  1) 


(5.2) 


Substituting  the  following  values  in  Eq.  (5.1*) 


c 

0 


x  10 


and 


■  4.5 


I  -  1.5  t*. 


one  obtains  for  the  capacitance  an  approximate  value 

CQ'  -0.75pf  <5.5) 

The  actual  aeasured  value  la  0.9  Pf. 

Because  of  the  approximation  made  in  the  configuration  of  the 
plates  with  respect  to  the  crystal  in  the  above  derivation,  one  has  in 
Eq.  (3.25) 

CQ  -  CQ’  (5.V) 

Hence  Eq.  (3.25)  reduces  to 

vc  .  V,  (5.5) 


An  estimate  could  easily  be  made  of  the  input  capacitance  C  pre- 
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Mnt«d  by  the  preanpllfier.  Thie  la  given  by  Eq.  (5*1)  P^w*  the  •trey 
capacitance.  Proa  the  tube  manual  one  hat  for  the  tube  grid  to  plate 
capacitance  a  value  in  the  range  of  1*  0  pf#  On  atray  capacitance  for 
each  a  tag*  can  be  aaauaed  to  be  In  the  order  of  9  Pf*  ®,u*  the  total 
input  capacitance  preaented  by  each  aectlon  la  in  the  order  of  10  pf. 

Ihe  input  capacitance  of  the  two  aectlooa  are  to  be  added  in  aerlea  to 
calculate  the  total  input  capacitance  in  Eq.  (>>.36).  It  la  in  the  order 
of  5  pf.  The  actual  measured  value  la  7.1  pf.  &ibatltutlng 
and  C  in  Eq.  (4.36)  one  haa  for  the  peak  output  voltage 

T<w‘&  t5'7) 

Subatitutiag 

P.  -  15  x  105 


one  obtalne 


(5.8) 


Ihe  relatlonahlp  between  X  (  and  a  can  be  obtained  by  eubatltuting  the 
following  value  a  for  the  newly  encounterea  varlablea  la  Eq.  (4.3$) 

->/2  b 
b  ■  1  cm 
H  ■  80k 


Then 
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tented  by  the  preasplifier.  Thli  is  given  by  Eq.  (5.1)  P1^  the  itr*y 
capacitance.  Prat  the  tube  annual  one  has  for  the  tube  grid  to  pUte 
capacitance  a  value  in  the  range  of  LO  pf.  Tha  stray  capacitance  for 
each  stage  can  be  ass wed  to  be  in  the  order  of  9  P*.  n‘u#  the  total 
input  capacitance  presented  by  each  section  is  in  the  order  of  10  pf. 

The  input  capacitance  of  the  tvo  sections  are  to  be  added  in  aeries  to 
calculate  the  total  input  capacitance  in  Eq.  (4.  }6).  It  Is  in  the  order 

I 

of  5  pf.  The  actual  aeasured  value  is  7.1  Pf.  Substituting  Cq» 
and  C  in  Eq.  (4. 36)  one  hss  for  the  peak  output  voltage 


h 


9  ‘\mx 


(5.7) 


Substituting 


-  15  x  105 


one  obtains 


(5.8) 


The  relationship  between  and  a  can  be  obtained  by  substituting  the 
following  values  for  the  newly  encountered  variables  in  Eq.  (4.55) 


■  '/2  b 
b  ■  1  ca 


q  ■  80s 


Then 
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a  -  4. 5  x  lO"1^  K? 
Fro*  Eqe.  (5.6)  end  (5*9) 


(%9) 


a  -  2.5  x  lO"10  VQ  m.k.e.  unite 


(5.10) 


The  convert  ion  from  m.k.o.  unite  to  c.  t.  unite  cen  be  ehown  to  be 


1  e.  e.u.  - 


io-14 

2.75 


m.k.  e.  unite 


(5-11) 


Vrm  Eqe.  (5.10)  and  (5.U),  a  in  e.e.u.  le  given  by 


a  m  6.6  X  IO*4  V  e.  e.  u. 

o_ 


(5.12) 


The  experiment  ally  Vo  ie  about  40  microvolte.  Thle  yitlde  a  value 
for  a 


max 


a  -  2.72  x  10  e.e.u. 


(5.15) 


It  vae  pointed  out  In  Section  1.2  that  the  aecond  order  polar  1  ra¬ 
tion  tennor  le  the  caae  ae  the  linear  electro-optic  teneor.  The  value 

*8 

of  a  fra#  the  tablee  of  linear  electro-optic  teneor  le  14  x  10“  e.e.u. 
One  flnde  from  Eq.  (5.15)  that  the  eetlraate  on  a  from  the  experiment 
dencrlbed  io  approximately  twice  the  theoretical  value.  Thia  la  veil 
vlthln  the  experimental  errore  of  the  present  eet-up. 

5.8.  Influence  of  Rndluo  of  the  Plot  on  d.  c.  Voltage  Output 

It  vae  ohovn  In  Section  4.5  that  the  voltogo  output  of  the  quartz 


Fig.  5*  9-  2icperiaental  Arrange occt  for  Verifying  Focusing 

Effect 
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(b) 


Fig.  5.10. 


Comparison  of  Quarts  Detector  Outjvt  due  to  Ibcuaed 
U»er  Beets  with  thet  of  Mon- focused  Be» 


(•) 


(b) 


>tograph  of  the  dual  been  oecllloscope  In  which  the  lower 
ice  shows  the  quarts  detector  output  and  the  upper  trace 
»  intensity  of  the  laser  be»;  the  case  of  the  focused 


As  in  (a);  the  case  of  unfocused  laser  beau 
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detector  due  to  d.c.  polarization  ia  independent  of  the  radiue  of  the 
beam  provided  the  intensity  of  the  be-  remain,  conatont  and  provided 
alao  the  beam  la  cmpletcly  contained  within  the  crystal.  Thua  any 
fo cueing  or  de rocuoing  of  the  beam  ahould  not  have  any  lnfla-nce  on  the 
quartz  detector  output.  Thi.  waa  verified  with  the  act-up  ahovn  in 
Fig.  (5.9).  A  lens  ia  placed  between  the  lacer  and  the  quartz  detector. 
In  order  t«  contain  the  beam  ccwpletely  within  the  cryotal,  the  focal 
length  of  the  lena  ahould  br  long.  The  lena  that  was  used  in  the  expe¬ 
riment  had  a  focal  length  of  19  cma.  The  re  1  ults  arc  ahovn  in  Fig. 
(5.10).  Fig.  (5. 10a)  rvprvBento  the  cace  without  lorn*  and  Fig.  (5.10b) 
the  situation  when  the  lena  ia  lnoertcd  in  tho  path.  The  beam  i a  fo- 
cuccd  to  a  point  at  the  center  of  the  axla  of  the  crystal.  It  can  be 
seen  that  focusing  of  the  benm  haa  no  effect  on  the  output  of  the 
quartz  detector,  thua  confirming  tho  theory  of  Section  4. 

'  5. 9.  Relation  Ik-tvccn  &■  c.  Polorlzatlon  and  Laser 
Power  Intensity 

In  Chapter  4  a  method  vns  suggested  to  determine  the  Intensity  of 
laser  beam  by  measuring  the  d.  c.  polarltation.  With  the  experimental 
aet-up  ahown  In  Fig.  (5-5),  this  woa  proved  by  observing  the  peak  d.c. 
output  of  the  quartz  detector  for  various  peak  lntcnaitico  of  the  laser 
pulse.  The  peak  values  were  canpored  so  as  to  obtain  greater  accuraciaa 
as  the  intensity  of  the  laoer  beam  was  not  high  enough.  In  Fig.  (5>  U) 
three  representative  plcturcu  aro  given  that  show  the  linear  relztlon- 
•hip  between  tho  quartz  detector  output  and  the  laser  output.  The 
upper  traces,  au  before,  represent  the  photcmultlpllcr  output  and  tha 
lower  traces  the  quartz  detoctor  output.  Ab  the  photomultiplier 


Fig,  5.  IX  Dependence  of  d.  c.  Polarization  on  Laser  Beam 
Intensity;  Photograph*  of  the  dual  beam  Oscilloscope 
in  which  the  lower  trace  shows  the  quartz 
detector  output  and  the  upper  trace 
the  Intensity  of  the  laser  bean 


Mature*  the  intensity  of  the  light,  lte  output  L  directly  proportional 
to  the  intensity  of  the  laser  bean.  Pig.  (5-12)  ehouo  the  results  in 
the  graphical  form.  It  con  be  observed  that  the  graph  la  linear,  thuc 
establishing  the  feasibility  of  using  the  Idea  aa  a  power  meter. 
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Chapter  6 

SlfMAItf  OP  RESULTS  AND  CONCLUSIONS 

The  d.c.  polarization  thet  la  developed  In  a  nonlinear  dielectric 
nedlia  when  a  high  Intensity  laaer  born*  propagate*  through  la  lnveatl- 
gated.  Crystalline  quartz,  belonging  to  claaa  32  that  lacks  Inversion 
sywstry  Is  chosen  as  the  nonlinear  dielectric  medium.  Hy  a  si* pie 
mathematical  approach,  the  relationship  between  laaer  lnUnslty  and 
the  d.c.  polarization  la  established  for  two  cases  of  propagation.  It 
is  found  that  for  the  case  of  propagation  along  z-axls,  the  d.c.  pola¬ 
rization  Is  directly  proportional  to  the  Intensity  of  the  laser  be**. 

The  d.c.  polarization  Is  zero  If  the  laser  be***  Is  circularly  pola¬ 
rized. 

A  convenient  acthod  to  detect  the  d.  c.  polarization  Is  suggested. 

The  Interaction  between  the  propagating  wave  and  the  detecting  circuitry 
has  been  analyzed  and  an  equivalent  circuit  model  has  been  developed. 

It  Is  proved  that  the  phoneme non  of  d. c,  polarisation  cannot  transfer 
uy  power  from  optical  frequency  to  d*c.  However,  it  can  deliver  power 
to  the  detecting  circuit  If  the  laaer  beam  Is  modulated.  Thus,  the 
spikes  In  the  laser  pulse  should  be  observable  by  the  detecting  cir¬ 
cuitry, 

A  theoretical  analysis  Is  presented  on  the  feasibility  of  using 
this  phenomenon  for  power  measurement  of  high  power  lasers.  A  practical 
method  of  constructing  the  device  Is  given. 


71 


Due  to  Inch  of  .  high  power  Inner,  only  the  following  theoretical 
results  la  verified  experimentally.  T».c  Inner  uned  la  a  ruby  Inner 
vhoce  output  pul n«  hna  a  duration  of  400  microseconds  and  contains  an 
energy  of  3  Jouleo.  We  preoence  of  a  d.c.  polarization  la  established. 

Dy  measurement  of  thin  d.c.  polarization,  one  of  the  two  eletaenta  of 
the  second  order  polarization  coefficient  lo  estimated  to  be  approxi¬ 
mately  2.7  x  10*°  c.a.u.  which  is  in  agreement  within  a  factor  of  two 
with  the  theoretical  value  of  1.4  x  lO'8  e.s.u.  The  error  is  mainly 
attributed  to  the  difficulty  In  measuring  the  low  level  d. c.  output 
pul Be  which  hoo  a  peak  mplltude  of  approximately  40  microvolts. 

The  linear  relationship  between  the  laser  Intensity  and  the  d.  c. 
voltage  output  of  the  quartz  detector  Is  verified.  This  <Lc.  output  Is 
found  to  be  Independent  of  the  area  of  cross-section  of  the  besa  pro¬ 
vided  the  intensity  remains  constant.  Also  there  is  very  little  power 
loss  to  the  circuitry.  However,  the  above  attractive  advantages  for 
using  this  phenomenon  for  power  measurement  arc  somewhat  hindered  by 
the  following  disadvantages.  The  beam  needs  to  be  centered  and  also 
needs  to  be  of  circular  crosn-occtlon  for  the  cylindrical  crystal 
chosen. 

From  the  above  results  the  following  conclusions  arc  made.  There 
exists  the  phenomenon  of  nonlinear  d.  c.  polarization  In  quartz  crystal. 

By  measurement  of  this  d.c.  polarization  uoing  suitable  dotcctlng  tech¬ 
nique,  an  estimate  of  the  second  order  nonlinear  polarization  coefficient 
could  be  made.  The  experimental  results  are  in  agreement  with  the 
theoretical  prediction  made  by  Armstrong,  et.  al. ,  that  the  second  order 
polarization  coefficient  tensor  lo  the  some  as  the  clectro-optle  tensor. 
The  practicability  of  using  this  principle  for  power  measurement  needs 
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further  study  for  general  usability  with  all  types  of  pulsed  lasers. 

The  future  course  of  work  Is  rccaanended  to  be  pursued  in  the  fol¬ 
lowing  direction.  Using  a  higher  power  laser,  correspondence  between 
the  spikes  of  User  and  spikes  of  the  ic.  polarization  is  to  be  es¬ 
tablished.  Studleo  on  other  crystals  can  be  aade  with  a  view  of  select 
ing  good  crystals  for  second  hareonlc  generation. 
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A.1*  Outline  of  the  Procedure 

Fig.  (A.  l)  shows  the  cross-section  of  t  quart*  rod  with  two  con¬ 
ducting  plate*  AB  and  CD  symmetrically  placed  on  it.  The  radlua  of  the 
rod  ia  aa tuaed  to  be  unity  and  it  ia  aaaimed  to  be  of  infinite  length. 

B>e  problem  la  to  calculate  the  capacitance  of  thia  configuration.  Since 
the  rod  and  the  conducting  pda tea  are  of  infinite  length,  the  problem 
can  be  treated  aa  a  two-dimensional  case.  However,  the  complications 
arise  because  of  the  nixed  boundary  conditions.  The  problem  can  be  re¬ 
duced  to  that  of  a  parallel  plate  capacitance  by  making  the  appropriate 
conformal  tranafoxmatlons  as  suggested  by  Hodgkin  son  [12  J.  The  proce¬ 
dure  ia  to  transform  the  interior  of  the  circle  enclosed  by  the  arcs  AB 
and  CD  in  the  z-plane  into  the  upper  half  of  the  w-plane  by  making  use 
of  a  suitable  linear  transformation.  The  points  A,  B  and  C  in  the  x- 
plane  are  transformed  into  points  e^,  e^  and  e^  along  the  real  axis  of 
the  w-plane  such  that  e^  ♦  eg  +  e ^  «  0.  The  point  D  in  the  z-plane  la 
transformed  into  the  point  oo  in  the  w-plane.  This  is  shown  in  Fig. 

(A. 2).  Then  a  two-aheeted  surface  is  formed  by  adjoining  a  lower  sheet 
in  which  the  lover  half  of  the  sheet  is  filled  with  the  dielectric, 
connection  between  the  sheets  being  through  the  branch  lines  AB  and  CD. 
This  is  represented  in  Fig.  (A.  3).  This  surface  is  then  transformed  in¬ 
to  (-plane  by  using  the  elliptic  function 


v  -  <fi  (t) 


(A.1) 
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where 

/(t)  -  4*l/(0  -  «r J  (r  -  1,  2,  3)  (A.2) 

The  {-plane  la  divided  Into  rectangle  a  aa  shown  la  Fig.  (A.  4)  v«*h  the 
real  and  purely  Imaginary  perloda  of  the  elliptic  function*  wf  and  ^ 
respectively.  The  line  a  with  Imaginary  part  of  (  •  constant  are  equl- 
potentlal  lines.  Thus  the  problem  reduces  to  that  of  a  parallel  plat* 
capacitance.  All  conditions  arc  satisfied  If  one  places  a  charge  2cqP 
along  BA  and  all  lines  congruent  to  It  In  the  configuration  of  period 
pare  Hologram* ,  i;cP  nlong  AB  and  congruent  lines,  •  2tQP  along  CD  and 
congruent  lines  and  -  2cP  along  DC  and  congruent  lines.  Here  cf  Is  the 
relative  dielectric  constant  of  the  material,  cq  the  free  apace  per¬ 
mittivity  end  c  ■  c  e  .  It  has  been  shown  (11}  that  this  Is  equivalent 
or 

to  placing  these  charges  per  unit  length  In  the  original  problem.  <b>e 
can  now  easily  calculate  the  capacitance  of  the  system  per  unit  length. 

A.2.  Transformation  from  t- plane  to  v-pltiu« 

The  linear  transformation  Is  given  by 


(w  -  VjJtwg  -  v5)  U  -  *^(*2  -  I3) 
(W  -  VjKVg  ‘  vi)  "  U  *  *3)1*2  "  V 

Frcm  Fig.  (A.1)  one  has 


A 


ll 


■  e 


la 


-la 


C 

D 


(A.  5) 


(A.4) 
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L.t  *1,  ig  nod  ^  be  trawfomed  to  point.  «1#  e^®  in  th*  v“pUne 
Then  the  corresponding  point,  in  Eq.  (A.  3)  we  given  by 


•  e 


.la 


...  wx  -  ex 


*2  "  ■* 


-la 


...  -2  2 

...  ■  00 

Substituting  Eq.  (A.  5)  In  Eq.  (A.  3)  one  obUin. 

t  [2*2  ’  *1  ♦  ‘I*120]  +  [“I*10  “  2e2*lfl  ‘  V10] 
V  .[le.1®]  -  [>  ♦  •  *) 


(A.  5) 


(A.6) 


low  subatitutlng  the  ralue  of  fran  Eq.  (A. 4)  in  Eq.  (A. 6),  ooe  he. 


for  v-  -  e.  the  following  equation. 

3  3 


e,l-  2  ♦  2  co.  2a)  ♦  4eg 
•3  *  2  ♦  2  co.  23 


(A.  7) 


required  condition  between  ®2  and  (j  i. 

e^  ♦  .g  ♦  *j  •  0  (A»8) 

Using  Eq*.  (A. 7)  nnd  (A.8),  e2  end  e}  can  be  expre.Md  in  tem.  of  e^ 
Thu. 


-  2  co.  23  . 
e2  "  3  ♦  coe  23  1 


(A.  9) 


co.  2a  -  3 
*3  "  co.  aa  ♦  3  1 


(A.  10) 


If  om  choose*  e^  -  -  1,  then  from  Eq*.  (A. 6)  and  (A.  9)#  the  required 


tranefomatlon  la 

,  [.  .lta .  .  5.-la“  ♦  i 

■f 

5.130  ♦  .-130  -  5«*°  ♦  .“] 

%r  ■  — 

l 

'  ,tka  ,  7.1®  ♦  ♦  f 

• 

(A.U) 


and  the  rallies  for  e^,  #2,  *j  and  e^  are 


2  coa  SP 
CsT  co#  2a 

3  -  coa  2a 
*3  "  3  ♦  co*  2a 


% 


•  00 


(A.  32) 


A.  5.  Transformation  fron  v-planc  to  t -plane 

The  elliptic  function  that  it'  u*ed  for  the  transformation  can  be 
vritten  In  the  Schvarz-Chrletoffel  font  a* 


f 


dv 


(« 


.2)1/s  («  -  •,)i/2 


(A.  13) 


Let 


(A. lb) 


Then 


dw  «  2x  dx 


(A.  15) 
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Substituting  Eqo.  (A.  14)  and  (A.  15)  In  Eq.  (A.  15),  one  has  after  re¬ 
arrangement 


t 


2A 


(A.  15) 


Row,  lat 


(*r 


el} 


Tj2 


dx 


(c2  •  V 


1/2 


d*> 


Using  Eq.  (A.  17),  Eq.  (A.l£)  can  be  rewritten  as 


l 


_ dA _ 

(1  -  K2)^2  (1  -  k?A2)1/2 


where 


and 


L 


2A 


(A.  17) 


(A.  18) 


(A.  19) 


H 


2 


(A.  20) 


From  Eqs.  (A. 9),  (A.  10)  and  (A.  19) 


k"  - 


2 


(a .21) 


as 


<  l 


E,.  (A.  IB)  ran  be  recognized  M>  tin  elliptic  Integral  of  the  flrrt 
kind.  It  hoc  tvo  period.,  de.lgnrted  bp  »r  end  u,  efcng  the  red  Mid 

.-■ff. _ _  respectively.  The  tran.fo.~d  configuration  1.  mom  In 

nt.  (A.V).  Hera  AB  -  Bd'  -  ur  Mid  BC  .  Oj.  The  ralne.  of  «r  end  ^ 
cm.  be  re.d  frra  the  t«ble  of  elliptic  Integral,  knoulng  cJ,  Mid  e}. 

A.  4.  CMi^iiidtlcn  of  the  Capacitance 

Aa  aentioned  In  Section  (A.l),  AmY  and  DCdV  are  equlpotential 
line..  Bence  they  cm  be  considered  a.  conducting  aurfacea.  They  fom 
•  parallel  plate  capacitance.  The  tvo-di**n.looal  condition  la  satis¬ 
fied  by  as  aiming  the  plates  to  be  extending  to  Infinity  In  the  direction 
perpendicular  to  the  plane  of  the  paper.  Let  2c0P  be  the  charge  denaity 
on  BA*  and  2cP  on  AB  and  siailarly  -  2cqP  on  CD  and  -  2cD  on  DC.  One 
has  to  reaenber  that  only  half  of  these  charge,  are  to  be  taken  Into 

account  In  calculating  the  capacitance  since  the  other  half  is  due  to 

« 

the  adjacent  capacitor.  Thus  the  charge  on  ABA  is 

Q+  -  <-»r€0U  ♦  «r)p  (A.22) 

The  charge  on  DCD*  1b 

Q  -  -  u^c^l  ♦  €r)p  (Ao  25) 


The  capacitance  per  unit  length  (the  length  being  taken  perpendicular 
to  the  plane  of  the  paper)  Is 
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cl  - 


«  u  (c  ♦  l) 
or  r 

w. 


(A.  2>*) 


In  describing  Eq.  (A. I*)  the  radius  has  been  taXen  as  equal  to 
unity.  This  normalisation  however,  does  not  affect  the  final  result 
since  the  magnitude  of  the  radius  multiplies  u.  and  by  the  sane 
quantity  and  hence  gets  cancelled  in  the  calculation  of  the  capacitance 

using  Eq.  (A. 24). 

The  capacitance  for  the  specific  case  where  a  »  45  (the  value 
used  in  the  experimental  set  up  of  this  work)  will  now  be  calculated. 
Eq.  (A. 4)  give  the  coordinates  of  A,  B,  C  and  D  in  the  i- plane  as 


A  -  i. 


B  •  x„ 


C"l3 
D  -  \ 


ei*/4 

.  e-^A 
-ei*A 

e-i«A 


(A.  25) 


Assisting  -  -  1  that  corresponds  to  the  point  A  in  the  w- plane ,  the 
coordinates  of  A,  B,  C  and  D  in  the  w- plane  can  be  written  by  making 
use  of  Eqs.  (A.1 2). 


(A.  26) 


One  need  not  calculate  the  coordinates  of  the  point  A,  B,  C  and  D  in 
the  (-plane,  since  only  the  two  periods  are  of  interest  here.  They  are 


given  by  (13) 


w 

r 


/ 


(i  -  >?) 


d* 

W 


(1  - 


kV) 


17? 


(A.  27) 


I 


d\ 


(1  -  kf)1/2  (1  -  k'V)1/2 


(A.  28) 


where 


»■  -  (X  -  k2)l/2  (*-29) 

For  a  ■  45°,  one  observe#  fron  hq#.  (A.21)  and  (A.  29)  that 

(k1)2  -  M2  -  |  <*->0) 

Thu# 

u  *  v.  (A.  31) 

-  •  .  r  1 

and  frcn  fcq.  (A.  24)  the  capacitance  per  unit  length  i#  given  by 

Cj  -  £0^er  +  *•)  (A.  32) 

If  the  length  of  the  plate#  io  designated  by  1,  then  the  capacitance 
of  the  quartz  detector,  neglecting  the  fringe  effects  io  given  by 


CQ  "  eo  ^Cr  +  ^ 


(A.  33) 
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